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ON ONE METHOD FOR OBTAINING UNIQUE SOLVABILITY OF A BOUNDARY
VALUE PROBLEM FOR AN INTEGRO-DIFFERENTIAL EQUATION

Abstract. The modified method of parametrization is used to study a linear Fredholm integro-
differential equation with a degenerate kernel. Using the fundamental matrix, the conditions are
established for the existence of a solution to the special Cauchy problem for the Fredholm
integro-differential equation with a degenerate kernel. A system of linear algebraic equations is
constructed with respect to the introduced additional parameters. Conditions for the unique
solvability of a linear boundary value problem for the Fredholm integro-differential equation
with a degenerate kernel are obtained.
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OB OTHOM CHHOCOBE INOJYYEHHUSA OJHO3HAYHOM PASPEHNIMMOCTH
KPAEBOM 3ATAYH )11 UHTETPO-TUPPEPEHIIUATIBHOTO YPABHEHU A

AnHOTanus. MoauduuupoBaHHBI  METOA  TMapaMEeTPU3allMd  HCIOJB3YeTCS IS
UCCIIEIOBaHUs  JIMHEHHOro  HMHTerpo-auddepeHnnansHoro  ypaBHeHus @pexaroabma ¢
BBIPOXAEHHBIM siipoM. C momolibio GpyHAaMEHTaTbHOW MaTpHIbl YCTAHABIMBAIOTCS YCIOBUS
CYIIECTBOBaHMS peELIeHHUs crnenuanbHoil 3amaun Komm Uit mHTErpo-nugdepeHnuaibHoro
ypaBHeHuss @Ppearosbma € BBIPOXKIECHHBIM sAApOM. IIo BBEOEHHBIM JIOINOIHUTEIBHBIM
napameTpaM IOCTPOEHa CUCTeMa JIMHEHHbIX anredpanyeckux ypaBHeHui. IlomydeHsl ycnoBus
OJIHO3HAYHOM DPAa3pelIMMOCTH JIMHEWHON KpaeBOM 3agaud UIsl MHTErpo-AuQQepeHnnaIbHOro

ypaBHeHUs Ppearoiabma ¢ BEIPOXKIECHHBIM SIPOM.
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HUHTEI'PO-JUPPEPEHIIUAJIABIK TEHJAEY YIIIH HIETTIK ECEIITIH
BIPMOHII HNEITMAIJITTH AJTYABIH BIP 9AICI TYPAJIbBI

Anparna. Moaudukanusuianrad napamerpiey oaici dpenronbMHBIH ChI3BIKTBI HHTETPO-
mubdepeHIMANABIK ~ TEeHACYlH  OYy3bUIFaH  SAPOMEH  3epTTey  YIIIH  KOJJIaHbUIAJBL.
@yHpaMeHTaIbl MaTPULIAHBIH KeMeriMeH Oy3blUIFaH sapochl 0ap (peAroibMHbBIH HHTErpo-
muddepeHmanablK TeHaeyl Y apHaiiel Komm mocernecin menryaiy maprrapbl OenriieHesni.
EHrizinres KoceIMIIa Iapamerpiiep OOWBIHINA CHI3BIKTHIK aJIreOpaiblK TEHACYNIEp JKykeci
Kypbuiabl. OpearosbMHBIH OY3bUTFaH SAPOCH 0ap MHTErpo-AuQQepeHInanIbK TeHACYl YIIiH
CBI3BIKTBIK LIEKapaJIbIK €CENTIH O1pKaKThl MIEHIUTY HIapTTaphl aJIbIH/IbI.

Kiar ce3nep: mekapanbik ecen, MHTErpo-auddepeHuanpiK TeHaey, 6ip MOH/II MEeiMIUTIK,
ipresni maTpuiia, apHaiisl Ko ece6i, mapamerpiey oici.

Introduction.
We consider the Fredholm integro-differential equation with a degenerate kernel

g
% = A(t)x + o(t) j w(EX(r)dr+ f(t), te[0,T] xeR" (1)
0

with boundary condition
Bx(0)+Cx(T)=d, deR", @)
where the matrices A(t), o(t), 7 (t) and the vector function f (t) are continuous on [O,T] :
The study of various physical phenomena leads to the need to study integro-differential equations.
Many processes such as bends of beams on elastic foundations [1], vibrations of shafts [2], and bridges
[3], the passage of electric currents in inductively coupled circuits [4], plane unsteady motion of a viscous

fluid [5], and other processes in which aftereffects are taken into account lead to ordinary integro-
differential equations.
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Boundary value problems for integro-differential equations have been studied by many authors [6-10].
In the works [11-13] of D.S. Dzhumabaev, the necessary and sufficient conditions for the unique
solvability of boundary value problems for integro-differential equations are obtained using the basic
parameterization method, where the solution values at the initial points of the partition intervals of the

segment [O,T ] are used as additional parameters. In this case, for the unknown functions of the auxiliary

problem, the initial data appear and, for fixed values of the parameters, they are determined as solutions
to the Cauchy problems on their intervals.

Using the boundary conditions and the conditions for gluing the solution at the points of the segment
partition, a system of equations for the unknown parameters is compiled. If solutions to the Cauchy
problems exist for a wide class of right-hand sides of systems of differential equations, then the
solvability of the systems of equations with respect to the introduced parameters requires the fulfillment
of conditions for the existence of theorems. The applicability of the known theorems depends on the type
and properties of the constructed systems of equations. Since the form of this system depends not only on
the right-hand side of the differential equation and the boundary condition, but also on the method of
introducing additional parameters, the choice of additional parameters is often crucial for the successful
study and solution of the considered boundary value problem.

In this article, a two-point boundary value problem for systems of Fredholm integro-differential
equations with a degenerate kernel is studied by a modified parameterization method, where additional
parameters are introduced as solution values in the midpoints of the partition intervals of the segment

[O,T]. Using this method, we can use the initial data to establish new conditions for the existence of a

solution, expand the classes of solvable two-point boundary value problems, and propose constructive
algorithms for finding their solutions.

By A, we denote the case where there is no partition of the interval [0,T]. Let C([0,T],A;,R")

be the space of continuous functions X:[0,T]— R" on [0, T ]with norm Ixl, = [T[I%Hx(t)u We

T
introduce the notation for the value of the function X(t) at the point t =% by A, thatis, 1= X(Ej and

change u = x(t)— A on the interval [0,T ]. Then problem (1) - (2) is reduced to an equivalent boundary
value problem with the parameter:

;

‘;—‘: = AQU+2)+ 0O [w(@D)u(e)+ Az + 1) teloT] “Gj -0 @)
0

Bu(0)+BA+C limut)+CA=d, deR’ @

dx
Using the fundamental matrix X (t) of the ordinary differential equation P At)x, te [O,T],

we can obtain a solution to the special Cauchy problem (3) for fixed values of the parameter A :

u(t, ) = X (t)j X 1(7){A(r)ﬂ + (p(r)]y/(rl)(u(q)+ Az, + f (r)}dr, tef0,T].
(5) 2

Consider the Cauchy problems on the subintervals
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dz T T]
e At)z + P(t), Z(E] =0, te {0,5

dz T T _]
a=A(t)z+P(t), z(ﬂ:O, teb,T_

(6)

()

where P(t) —is a continuous on [0,T ]square function or vector of dimension n. By a(p,t,&,),

a(p,t, fz)we denote the unique solution to the Cauchy problem (3) on each interval. The uniqueness of

the solution to the Cauchy problem for linear ordinary differential equations implies that
T
a(p,t,&)= X(t)jx r)dz, te[O,E

T/2

a(p,t,;):X(t)jx1(r)P(r)df, teB,T .

T/2

Therefore, we can represent A, the general solution of equation (1) in the form:

x(A t,A)=2+a(AtE)A+a(f t,8),  te _O,I}

KAt A)=A+a(Ate A +a(fhe), te_I,T}

Let's introduce the notation:
T/2

U= jy/(t)u (t)dt= jz//(t)u (t)dt+ jz//(t)u

T/2
In equality (12), instead of U(t), substituting the right-hand side of (5), we obtain

T/2

)
p= j wOX (1) j X % Wt o(0) [ w () u(ey) + Ay + f(r)}olrdt+
0

2

:
j w ()X (t) j X1 ){ A+ (2) j w(r)(u(r, )+ Az, + f (r)}d rdt .
T/2 0

2

Taking into account the solution of the Cauchy problem (8), (9), from equality (13) we obtain:

Al -G(a,)]=v(a)1+g(a,).

where G jw(t)a o,t,& dt+ IW(t)a @1, 52)

T/2

V)= ] W(t)[a(A,t,;p a((p,t,fl)jz//(rl)drl}dr N

+ I y/(t)[ a(At,&,)+a(p.t,é, IW(T )dz, }dt

T/2
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jy/(t)a f,t,&)dt+ jy/(t)a f,t,&,)dt,

T/2

where | — is the identity matrix.
The following theorem is true.
Theorem 1. The special Cauchy problem (3), (4) for the Fredholm integro-differential equation is

solvable if and only if the matrix | —G(A, )is invertible.

Solvability of the boundary value problem. Let's introduce the notation: M (A,)=[I —G(A,)[".

Then it follows from (14) that
u=M (Al)\/(Al)ﬁ’ +M (A1)g(A1)- (15)

Taking into account (8), (9) and (12), the integral equation (5) will be rewritten as:

T
u(t)=a(ALEN + alpit 5)[/1 . jl//(r)drﬂ} ra(fine) a9
0
Substituting the value £¢, i.e. the right-hand side of (15) into equality (16) we obtain

U()= at)2+ (), (17)
where q),t,f)[ (AN, j(//(r)dr}+a(A,t,§)
plt)=alp.tHM(A,)g(A,)+a(f,t,¢).

From (17), determiningtl im)u(t) and substituting it into the boundary conditions (4), we obtain a

linear system of equations with respect to the introduced parameter

Q.(a,)-2=-F.(a,) (18)
where Q.(A,)— is a matrix with elements:Q, ( ) (a 0)+ |)+ C((Z(T)+ |) and
F.(A, ) — vector function F,(A,)=~-d + BA(0)+CA(T).
Definition. Problem (1), (2) is called uniquely solvable if for any pair
(f(t),d), f(t)e C([O,T],Al, Rn), d € R", it has a unique solution.
Theorem 2. If the matrix | —G(Al) is invertible, the boundary value problem (1), (2) is uniquely

solvable if and only if the matrix Q, (Al) is invertible.
Example. We consider the Fredholm integro-differential equation with a degenerate kernel

%:A(t)XJr(/)(t)Jl.l//(r)x(r)d'hL f(t), te[01], xeR? (19)

with boundary condition
Bx(0)+Cx(1)=d, deR? (20)

where the matrices A(t), @(t), w(t) and the vector function f (t) are continuous on [0,1] .

T=1 A:(g g} (oz(é gj W(S):G 2] f(t){ﬁ_—zllf;?’}

o<lo 3} o=fo 2} o[

10
In this problem, the identity matrix | = [0 1) - is the fundamental matrix of the differential part.
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By A, we denote the case when there is no partition of the interval [0,1] :

We introduce the notation for the value of the function X(t) at the point t = % by A, ie.

= x(%) and make the change u(t)=x(t)—A on the interval [0,1].

Then problem (1) - (2) is reduced to an equivalent boundary value problem with a parameter:

d h 1
d—l::A(t)(u+/1)+qo(t)_([t//(r)(u(z')+/1)dr+f(t), te[0,1], ubjzo
(21)
Bu(O)+B/1+CtE[pOu(t)+C/1=d, d e R?
(22)

The use of the fundamental matrix X (t) of the ordinary differential equation % =At)x, te[01]

makes it possible to obtain a solution to the special Cauchy problem for fixed values of the parameter A :

u(A, &,t) = X(t)j. X_l(r){A(z')i—Hp(z’)jl//(fl)(u(Tl)+l)drl+ f (T)}dr, te[0,1].

2
(23)
Consider the Cauchy problems on the subintervals

dz 1 0 1]

E_A(t)z+P(t), z(EJ_o, te_O,E_
(24)

dz 1 (1]

E_A(t)z+P(t), Z(EJ_O’ te_E,l_
(25)

where P (t) is a square function or a vector of dimension n continuous on [O,l] .By a(p,¢,t), we

denote the unique solution of the Cauchy problem (3) on each interval. The uniqueness of the solution to
the Cauchy problem for linear ordinary differential equations implies that

(26) 12
ptxo - oL

(27)
Therefore, we can represent A, the general solution of equation (1) in the form:
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x(Apt,A)=A+a(Até)A+a(f.t,&), te|O,

N

(28) o
X(AntA)=2+a(AtE)a+a(f.Le),  te %,1

(29)
Let's introduce the notation:
1/2

E jy/(t)u dt_j w(tu(t dt+j w(tu(t (30)

In equality (12), instead of U (t) substituting the right-hand side of (5), we obtain

U= jw(t)X(t)J'x‘l { ()ﬂ+(/)(T)J.l//(T1)(U(Tl)-i-/?,)dfl+f(T)}det—i—

2
1
+j ()X (t)I X+ (T){A(T)z +0(2) [y (z.) (u(z) + 2)dr, + f (f)}drdt
1/2 % 0
(31)
Taking into account the solution of the Cauchy problem (8), (9), from equality (13) we obtain:

u[1-G(AL €)=V (AL E)A+0(ALE), (32)

G(Ay, jw(t)acoté dt+ [wa(t ),

1/2

where
12
Alf‘f IW(t)[ A’t’§1)+a ¢’t!§1 J.V/(Tl)drl:|dr+
+.[y/(t){ (At,&)+a(p,,8) jy/(q)dq}dt
1/2
g(A,, Iyx(t)a (f.t,& dt+jy/(t)a (f,t,&)dt,
12
where | — is the identity matrix. Calculate the elements of the matrix [I - Al,(f)}:

1-G(A,&)=1- j w(t)a(p, & t)dt - j w(t)a(p, & t)dt =

=1 —jw(t)xa)j X (z drdt—jy/(t)xa)j X (r)p(r)dzdt =

0

1o TG 2 21,1(3 At Sdedt—jii o (e 2o S
SR () I G ™S () C i ™S
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:(cl) (1)_112; cl)j(m . 2t J _I( j{Zt . 2t0—1jdt:

1 0) Y2(o2_ 1 2
_ I 27—t 0 - | 20—t 0 )
0 1) gl2t-1 2t-1) Jl2t-1 2t-1

1 5
(1 0) | 24 |24 5/6 0
o) 1 1|1 10 1
4 4) 4 4
H=M(A)V (AL E)A+M(A)g(ALE). (33)

Then M (Al):[l —G(Al,f)]fl =g(é 5?()):(6(/)5 (D . Therefore the matrix M (A, ) is

invertible. We calculate the matrix V (A,, &) and the vector function g (A,,&):

12

V(Al,ﬁ):jw(t)a(q),f,t)j ( det+Jl// a(e.¢, )j (7)dzdt+

+Jw(t)a (Aét)dt+jw Aét)dt—jw jxl(r)(p(r)iy/(rl)drldfdu

0 12 12

+J. w(t)X(t) j. Xl(r)(o(r)j;t//(rl)drldrdt+

12 1/2

+J.1// A ¢, t)dt+ I w(t A g, t)dt IG 2](; 21};;(; S](é gj}[(? Sldrldrdt+

12

G 5o o oo 2l S
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vzt oY1 0\L(1 0Y2 0Y1/2 0
b1 1)o 1)0,l0 1)0 21 1
Lt oY1 0\L(1 0Y2 0Y1/2 0
+j j dzdt =
J\1lo 1)Jlo 1)o 21 1

Y2t 0Y1 0):(1 0 Lt 0Y1 0)i(1 0
NG 3o S 2l 2o e 2o
1 1fo 1)l\2 2 L1 1lo 1)l(2 2

Y2t oY1 0Yt-1/2 O Lt oY1 oYt-1/2 O
=j dt+j dt =
<1 100 1 2t-1 2t-1 g\l 10 1l 2t-1 2t-1

1

12 tz—Et 0 1 tz—Et 0
= | 2 dt+ | 2 dt =
ol 3t—= 2t-1| w2 3t-= 2t-1
2 2
2 1/2 2 1
1t3_t_ 0 ltS_t_ 0 _1 2 0
_|3 4 43 4 :438 1+438l=
S 3¢ vy 3 3 vy -=— == |z =
2 2 o \2 2 s 8 4 8 4

12

9(A, &)= jz,y(t)a(f,g,t)du j w(t)a(f, &)=

0 12

1/2 t t

= I w(t)X(t) j X7 (7)f (r)dzdt+ j w(t)X(t) I X7 (7)f (r)dzdt =

0 12 12 12

2 2
Y2t 0Y1 0Y{(1 0\ "3 Lt oY1 0):(1 0} "3
1 1ho 1),l0 1), 1 g\l 1o 1)5l0 1), 1

3 3

1/2 2‘[ | 1 ZT t

t 01 0] ~3 t 0y1 0] ~3
1100 1) - 11 g\l 1o 1) . 11
3 s 3

2
B 1/72 N -5/72 3 -1/18
\11724) 2724 ) | 1/12
Taking into account (8), (9) and (12), the integral equation (5) will be rewritten as:
1
U(Al,f,t)=a(A,f,t)/1+a((p,f,t)[/ywr.[t//(r)dr/i}ra(f,f,t)
0
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Substituting the £ value, i.e. the right-hand side of (15) into equality (16) we obtain
U(ALEt)=a(ALE ) A+ B(ALE L), (35)

where o (A, ¢ t)=a(g. & t) M(Al)V(A1)+jw(r)df +a(Ac ),

B(AL &) =a(p.E )M (A)g (A &) +a(f,ét).

From (17), determining tIim}u (Al, f,t) and substituting it into the boundary conditions (4), we obtain

a linear system of equations with respect to the introduced parameter

Q. (A, ¢)A=-F.(A,¢) (36)
where Q, (A, &)~ is a matrix with elements:
Q.(A,&)=B(a(A,,£,0)+1)+C(a (A& T)+1) and F.(A,,&)— vector function
F*(Al,g):—d +Bﬂ(Al,§,O)+Cﬁ(Al,§,T).

Let's carry out preliminary calculations

R S O [ P s

slo.c)= X0 eukee = 0T[5 7] Dae(p )

a(A£0)=0, a(A&l)=

scsomxopoanei(g I o)

1/2

a(f,§,1)=x(1)j2x-l(r)f(r)df{; cl)j/j(é 2](2t__21/1?;3jdt=(_1;;i’2]
sosopon (3 I S 5 0 o3 oM
s, 2 2 o oS
o3 5 5 L I

cvsn-fy 30 I Gb( Y

o1

1
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-1 0)/6/5 0)/-1/18 1/3 1/15 5/15 2/5
B(A,€,0)= + = + =
0 - 0 1){1/12 19/12 -1/12 19/12 3/2
1 0)/6/5 0)-1/18 -1/3 -1/15 -5/15 -2/5
B(ALE1)= + = + =
0 1 0O 1/\1/12 -13/12 1/12 -13/12 -1
Let's calculate the elements of the matrix Q, (A,,&):

B(a(A,£,0)+1)+C(a(A,&1)+1)=

1 0)|(-3/5 O 10 1 0)((3/5 0 10
= + + +
01 -1 -1) (0 1 01 1 1 01
Let us calculate the element of the F, (Al,é‘) vector function

ssapcopenn e {5 Y0 L

Let's calculate the value of A :
20/1_ 3 /1_1/2 0 3 _3/2
0 2) " |12 o w2)\1u2) (1/4
Substituting the found value A in (15), we calculate z:
B 6/5 0)(1/12 0) (3/2 N -1/18 B
1o 1)l o o)lwa) 112"

_(6/5 0Y(1/8) (-1/18\]_(6/5 0)(5/72)_(1/12
Lo 1)lo) lw2)] o 1)lw12) (112

u(A, &) = X(t)jx1(r){A(r)/1+(p(r)jw(rl)(u(rl)+,1)drl+ f (T)}d‘r, te[0,1]

2

Y (t)= A(r)/‘t+<o(f)il//(fl)(u(Tl)”)dfl+ f(z)

CR P [vsd T ) ey K et
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10.

11.

12.

13.

(2 0\[(1/12 N 3/4 . 213 )

Lo 2)|\1/12) \7/4 2t-11/3)
(2 0Y'5/6 N ~2/3 ) (5/3 N -2/3 ) (1
o 2M\11/6) \2t-11/3) (11/3) \2t-11/3) |2t

u'(A, &) =X (t)j X (7)Y (7)dr,

X (t)=2+Uu"(A, &)

) 3/2) L(1 3/2) ([t (3/2) (t-1/2) (t+1
X"(t) = +J. dr = + o, = + ., =,
1/4)" J\at 1/4) \2),, \a) \2-14) (t
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